PROFINITE PRO-C*-ALGEBRAS AND PRO-C*- ALGEBRAS OF 
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5^ ■ Abstract. We define the profinite completion of a C*-algebra, which is a 

^ ^ pro-C*-algebra, as well as the pro-C*-algebra of a profinite group. We show 

that the continuous representations of the pro-C*-algebra of a profinite group 
correspond to the unitary representations of the group which factor through 
a finite group. We define natural homomorphisms from the C*-algebra of a 
locally compact group and its profinite completion to the pro-C*-algebra of 
the profinite completion of the group. We give some conditions for injectivity 
or surjectivity of these homomorphisms, but an important question remains 
open. 



The C*-algebra C*(G) of a locally compact group G is a well known construc- 
tion. One of the main motivations for it is the correspondence between unitary 
representations of G and C*-algebra representations of C*(G). 

A profinite group is an inverse limit ^im,^^^^ G\ of finite groups G\, with G\ 
having the discrete topology for each A. Such a group is compact, and therefore 
has a conventional C*-algebra. However, we can also form the inverse limit of the 
C*-algebras C*{G\). The result is a pro-C*-algebra, which we introduce and study 
in this paper. Its representation theory is related to a part of the representation 
theory of G, namely the unitary representations which factor through finite groups. 
This is the part of the representation theory of G which should be thought of as 
being compatible with the structure of G as a profinite group. 

In Section [l] we present some relevant basic facts about pro- C*- algebras. The 
pro-C*-algebra of a profinite group will be an example of a profinite pro-C*-algebra, 
so we develop the theory of these, and of the profinite completion of a C*-algebra. 
Generally this completion is far too large to be of any interest, but it seems to be 
useful in connection with the C*-algebras of profinite groups. 

Section [2] contains the definition and basic properties of the pro-C*-algebra of a 
profinite group. We give here the relation between the representations of the group 
and its pro-C*-algebra. 

In Section[31 for a locally compact group G, we use a homomorphism from G* (G) 
to the pro-C*-algebra of the profinite completion G of G to study the relation 
between C*(G) and its profinite completion on the one hand, and the pro-C*- 
algebra of G on the other hand. One can't expect a tight relationship in general. We 
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do prove that the map from C*{G) is injective for a comitable amenable residually 
finite group (Theorem 13. 9p . However, there are residually finite groups whose C*- 
algebras are not residually finite dimensional; for these, the map from C* (G) is 
never injective. We do not know what happens when the group is residually finite 
but not amenable and its C*-algebra is residually finite dimensional. The map 
from the profinite completion is always surjective fCorollarv l3.f4|) . For a compact 
group, it is an isomorphism if and only if the group is profinite (Proposition 13. f 6)) . 
but can be an isomorphism for noncompact groups, sometimes for trivial reasons 
(Example EIZI and Example EHH]) . 

1. Profinite pro-C*-algebras 

In this section, we define pro-C*-algebras, profinite pro-C*-algebras, and the 
profinite completion of a (residually finite dimensional) C*-algebra. As will become 
clear, the profinite completion is usually very large. (See Example If .f 51 ) In the 
next section, we will see situations in which either the profinite completion is not 
quite so large, or there is a completion which is smaller and more appropriate for 
the situation. 

We approximately follow the definition of a pro-C*-algebra of 1.2 of [16]. The 
terminology in the literature is inconsistent; in ^lOj and elsewhere, the term "pro- 
C*-algebra" is used for what we call here the completion of a pro-C*-algebra. 

Definition 1.1. Let A be a complex *-algebra. A C* seminorm on A is an algebra 
seminorm p on A which satisfies p{a*a) = p(a)'^ for all a E A. li p is a, G* seminorm, 
we denote by ker(p) the set 

ker(p) ^ {a e A: p{a) = 0}. 

Lemma 1.2. Let ^ be a complex *-algebra and let p be a C* seminorm on A. 
Then: 

(1) ker(p) is a *-ideal in A, closed if A has a topology and p is continuous. 

(2) p induces a norm on A/ ker(p), with respect to which A/ ker(p) satisfies all 
the axioms for a C*-algebra with the possible exception of completeness. 

(3) If ^ is a C*-algebra, then p is automatically continuous; in fact, p{a) < \\a\\ 
for all a e A. Moreover, A/'ker{p) is already complete. 

Proof. The first two parts are immediate. For the third, set q{a) = max(p(a), ||a||) 
for a E A. Then g is a C* norm on A. The obvious map A — > A/kcrlq) is al- 
gebraically a *-homomorphism, hence contractive. Therefore p{a) < \\a\\ for all 
a E A. Completeness of A/'ker{p) now follows from the fact that it is the range of 
a homomorphism of C*-algebras. □ 

Lemma [L2l| 3|) should be compared with Corollary 5.4 of ^14,. However, A might 
be smaller than the algebra considered in 14 . 

Notation 1.3. Let A be a complex *-algebra. If p is a C* seminorm on A, we 
denote by Ap or A/ ker(p) the completion of A/ ker(p). If we have a family {p\)\eA 
of C* seminorms on A, we abbreviate Ap^ to A\. 

Definition 1.4. A pro-C*-algehra is a pair [A, {p\)\£k) consisting of a C*-algebra 
A and a family (pA)AeA of C* seminorms on A, indexed by a directed set A, such 
that X < fi implies px < Pfi- Wc also refer to (pa)agA as a pro-C*-algehra structure 
on A. 
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We have omitted two of the three conditions in 1.2 of [16], because they are not 
satisfied in many of our examples. We give these conditions in the next definition. 

Definition 1.5. Let yl be a C*-algebra, and let {p\)\eA be a pro-C*-algebra struc- 
ture on A. 

(1) We say that {p\)\£a is full if the following condition is satisfied. Whenever 
{0'\)\eA is a family of elements a\ G Ax which is consistent in the sense 
that for A > A*, the image of ax in A^ is a^, and such that we also have 
IIoaII < 1 for all A S A, then there exists a £ A such that ||a|| < 1 and such 
that a + ker{px) = ax for all A € A. 

(2) We say that {px)\eA is faithful if ||a|| = s\rpxeAP>^{'^) fo^' a £ A. 

The condition of Definition ll.5t[ T|) asserts that the inverse limit of the closed unit 
balls of the quotients Ax is the closed unit ball of A. 

Lemma I1.2tl5|) implies that one inequality in Definition ll.SiPj) is automatic: we 
always have ||a|j > supxeAP^io-)- 

Remark 1.6. Let A be a C*-algebra, and let (pa)agA be a pro- C*- algebra struc- 
ture on A. Then {px)xeA defines a topology on A, in which a net {aa)aei in A 
converges to a € A if and only if px{aa — a) — )■ for all A S A. When {px)\eA is 
understood, we write A for the completion of A. This algebra is an inverse limit of 
C*-algebras (namely, the C*-algebras A/ 'kei{px)), or a pro-C*-algebra in the sense 
of Definition 1.1 of [10 . 

The pro-C*-algebra structure {px)\eA is faithful if and only if the map A ^ A 
is injective, equivalently, if and only if f]^^^'ker{px) ~ {0}. The pro-C*-algebra 
structure {px)\i£A is full if and only if the map A A has range equal to the 
C*-algebra of bounded elements of A in the sense of Definition 1.10 of [lO] . 

See [T^ and the references there for more on the theory of inverse limits of 
C*- algebras. 

Definition 1.7. Let A be a C*-algebra. Two pro-C*-algebra structures on A are 
said to be equivalent if the topologies they define, as in Remark 11.61 are equal. 

Definition 1.8. A C*-algebra A is called residually finite dimensional if it has a 
faithful family of finite dimensional representations. 

Definition 1.9. A pro-C*-algebra {^A,{px)\eA) is profinite if A/keT{px) is finite 
dimensional for all A G A. If A is any C*-algebra, we define its profinite pro-C*- 
algebra structure to be the collection of all C* seminorms p on A such that A/ ker(p) 
is finite dimensional (justification in Lemma lLlOl below). and we define the profinite 
completion of A to be ^ equipped with this pro- C*- algebra structure. 

The C* seminorms in the second part of Definition 11.91 are continuous, by 
Lemma [Qp]). 

Lemma 1.10. Let ^ be a C*-algebra. Then: 

(1) The collection of all C* seminorms p on A such that A/'ker{p) is finite 
dimensional is a pro-C*-algebra structure. 

(2) The profinite pro-C*-algebra structure of Definition 11.91 is profinite. 

(3) The profinite pro-C*-algebra structure of Definition 11.91 is faithful if and 
only if A is residually finite dimensional. 
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Proof. All parts of the lemma are easy. □ 

We will not use this fact, but we point out that Theorem 6.1 of [M] shows that 
a pro-C*-algebra [A, (pa)aga) is profinite if and only if A is semireflexive as a 
topological vector space, that is (see Sections 5.3 and 5.4 in Chapter 4 of [13]) the 
map from A to its strong second dual (as a topological vector space) is bijective 
(but not necessarily a homeomorphism) . 

Commutative C*-algebras are residually finite dimensional, as is Co{X, Mn) for 
any locally compact Hausdorff space X and any n G Z>o. Theorem 7 of [5] shows 
that the full C*-algebra of the free group on two generators is residually finite 
dimensional. 

Proposition 1.11. Let (^A, {px)\eA) be a profinite pro-C*-algebra. Set / = 
Pl^^g^ ker(pA)- Then A/ 1 is residually finite dimensional. 

Proof. Let a A \ I. It suffices to find a finite dimensional representation tt of 
A such that 7r(a) ^ 0. Choose A such that p\{a) ^ 0, let a be an injective finite 
dimensional representation of the finite dimensional C*-algebra Aj \sv(j>\)^ and 
take TT to be the composition of a with the quotient map A — > Aj \ex(p\). □ 

Corollary 1.12. Let A be a C*-algebra, and let be the collection of 

C* seminorms of its profinite completion. Set / — [\y^^[^\sx(j)\). Then Ajl is 
residually finite dimensional. 

Proof. The profinite completion is profinite. □ 

The profinite completion of A is universal for finite dimensional representations 
of A. 

Proposition 1.13. Let A be a C*-algebra, and let tt: A~^ L{H) be a representa- 
tion of A on a Hilbert space H. Then the following are equivalent: 

(1) TT is continuous in the profinite pro-C*-algebra structure of A. 

(2) tt{A) is finite dimensional. 

(3) There is a finite set F of finite dimensional representations of A such that 
TT is a direct sum of copies of representations in F. 

Moreover, the restriction map a i— cr\A-, from continuous representations of A to 
representations of A which are continuous in the profinite pro-C*-algebra structure, 
is bijective. 

In particular, the irreducible continuous representations of A are exactly the 
irreducible finite dimensional representations of A. 

Proof of Provosition M . I'A Let (pa)agA be the profinite pro-C*-algebra structure 
oiA. 

We prove the first part. That ([T]) implies ^ follows from the fact that any 
continuous homomorphism from A with any pro-C*-algebra structure must factor 
through the quotient by the kernel of one of the seminorms in the pro-C*-algebra 
structure. To see that ^ implies (|3]), we observe that a finite dimensional C*- 
algebra has only finitely many unitary equivalence classes of irreducible representa- 
tions, that they are all finite dimensional, and that every representation is a direct 
sum of irreducible representations. That (|3]) implies ([T]) is obvious. 
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The second part is clear from the fohowmg observation. Let tt be a representation 
of A which is continuous for the pro-C*-algebra structure {px)xeA- Then tt extends 
uniquely to the completion A. □ 

Proposition 1.14. Let A be a C*-algebra. Equip A with the profinite pro-C*- 
algebra structure, and let A be the corresponding completion. Let i? be a set 
consisting of one representative n: A^ L{Ht^) of each unitary equivalence class of 
finite dimensional irreducible representations of A. Give 11x6^ -^(-^^r) product 
topology. Then there is a unique isomorphism a: A ^ IlTre-R -^(-^t) of topological 
algebras such that, for a G v4 with image a G A, we have a{a) = (7r(a))^gi?. 

Proof. Let : A — >■ JlTrefl ^i^-n) be the homomorphism given by Q;o(a) — {'T^{a)).,j(^ji 
for a G A. By Proposition ll.131 a net (aA)AeA in A converges to a e A in the topol- 
ogy from the profinite pro-C*-algebra structure if and only if af){a\) — > Q;o(a)- 
Therefore ao induces a unique continuous homomorphism a: A — > Y\.,^^iiL{H.^). 
Moreover, if a is injective, it will follow that a is a homeomorphism onto its image. 

It therefore remains to prove that a is bijective. We first consider injectivity. The 
kernel of the map A ^ A is the intersection of the kernels of all homomorphisms 
to finite dimensional C*-algebras, and ker(Q;o) is the intersection of the kernels of 
all finite dimensional irreducible representations of A. These are clearly equal, and 
injectivity follows. 

Since A is complete, surjcctivity will follow from density of ao(A) in JlTrei? L(H^). 
For this, it is enough to prove that if C i? is finite, ttq G R \ F, and c G L{Ht^), 
then there exists b G A such that 7ro(6) = c and 7r(6) — for all tt E F. Set 
/ = kcr(7ro) and let (eA)AeA be an approximate identity for /. Let tt E F. Since tt 
and ttq are distinct, finite dimensional, and irreducible, we have ker(7ro) ^ ker(7r). 
Therefore tt{I) ^ 0, whence tt{I) — L{H.^). So (7r(eA))AeA is an approximate iden- 
tity for L{H-^). Thus TT{e\) — )■ 1 in norm. Since F is finite, there is Aq G A such that 
II 1 — 7r(eAo)|| < \ foi' G i^. Let /: [0, 1] — >■ [0, 1] be a continuous function such 
that /(O) = and f{t) = 1 for all t G [\, l] . Then /(7r(eAo)) = 1 for all tt G F. Set 
a = 1 — f{e\g), getting 7ro(a) ~ 1 and 7r(a) ~ for all tt E F. Now choose bo E A 
such that 7r(6o) = c, and set b — abo- This is the required element. □ 

Example 1.15. Let X be a locally compact Hausdorff space. Then Co{X) is 
residually finite dimensional. It follows from Proposition 11.141 that the topology 
determined by the profinite pro-C*-algebra structure on Cq{X) is the topology of 
pointwise convergence, and the completion Co{X) consists of all functions (not 
even necessarily continuous or bounded) from X to C 

In particular, the profinite pro-C*-algebra structure on Cq{X) is usually not full 
fDefinition ll.5t lT|)'). not even if X is compact. 

Since we make extensive use of the multiplier algebra M{A) of a C*-algebra A, 
we summarize some of its properties for convenient reference. 

Theorem 1.16. Let A be a C*-algebra. 

(1) Let _B be a C*-algebra and let <p: A — be a surjective homomorphism. 
Then there exists a unique homomorphism i^: M{A) — >■ M{B) such that 
ip{a) — (p{a) for all a E A. Moreover, ip is unital. 

(2) Let -ff be a Hilbert space, and let tt: A — >■ L{H) be a nondegenerate rep- 
resentation. Then there exists a unique representation tt: M{A) L{H) 
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whose restriction to A is tt. Moreover, tt is unital, and if tt is injective then 
so is TT. 

(3) If A is residuaUy finite dimensional, then so is M{A). 

Proof. Part ([ij fohows from Theorem 3.1.8 of 8 , with A/ ker((^) = B in place of / 
and AI{A) / ker((y5) in place of A. 

When TT is injective, existence and injectivity in part ([2]) follow from Proposition 
3.12.3 of [9^. We get the general case from this case by combining this case with 
part ([1]). Uniqueness follows from the fact that a representation is uniquely deter- 
mined by its restriction to any ideal for which the restriction is nondegenerate. It 
is easy to see that tt is unital. 

To prove part ([3]), in part ([2]) choose a faithful family (7rA)AGA of finite dimen- 
sional representations of A. Set tt — ©^gA^a- Then tt is faithful by part ([2|). 
Uniqueness in part ([2|) implies that tt = ©>,eA''^A- ^° M{A) is residually finite 
dimensional. □ 

Remark 1.17. Let (A, {p\)\(za) be a pro-C*-algebra. Then there is an induced 
pro-C*-algebra structure on M{A), given by the family {q\)\^A of C* seminorms 
defined as follows. For A e A, let : A A/'ker{p\) be the quotient map. 
Theorem 1 1.16t[ T|) provides a homomorphism k\ : M{A) M {A/ keT{p\)). Then set 
qx{a) = ||/;A(a)||. 

We really get a pro-C*-algebra structure this way, since if Ai < A2 then the 
homomorphism kai,A2 • ^/ker(pA2) ~^ ^/ker(pAi) is surjective, so extends to a 
homomorphism kai,A2 ■ M{A/ keiipx^)) — ^ M(y4/ker(pAi)), and kai,A2 ° '5a2 = ^Ai 
by uniqueness in Theorem 11.1 6t[T|) . 

Proposition 1.18. Let A he a, C*-algebra. Then the identity map of A extends 
uniquely to a continuous homomorphism from the multiplier algebra M (A) to the 
completion ^ of A in the topology from the profinite completion pro-C*-algebra 
structure on A. Moreover, the resulting homomorphism is injective if and only if A 
is residually finite dimensional. 

Proof. Let {px)\£a be the collection of C* seminorms defining the pro-C*-algebra 
structure of the profinite completion of A. For A, /i G A with A < /z, further let 
K\: A^ A/kev{p\) and kx.jj.- ^/ker(p^) — )• A/ker{px) be the quotient maps. 

It follows from Theorem I1.16P]) that there is a unique family of homomor- 
phisms (fix - M{A) — A/ker{px) such that ipx extends the quotient map kx- A—i' 
A/ ker(pA). Uniqueness further implies that whenever A, e A with X < fj., we have 
i^\,fi ° 'fifj, = 'fx- It follows that there is a unique homomorphism tp: M{A) — >■ A 
such that Kx ° f = ^x for all A € A. It is clear that ip is the unique continuous 
homomorphism from M{A) to A which extends the identity map of A. 

Now assume A is residually finite dimensional; we prove that if is injective. Let 
X G M{A) be nonzero. Choose a G A such that xa 7^ 0. The element xa is in A, so 
there is A e A such that pxixa) 7^ 0. Then ipx{x)Kx{a) = Kx{xa) 7^ 0, so (px{x) 7^ 0. 
Thus ip{x) ^0. 

Finally, assume that ip is injective; we prove that A is residually finite dimen- 
sional. By construction, A has a faithful family of continuous finite dimensional 
representations on Hilbert spaces. Therefore any C*-algebra contained in A is 
residually finite dimensional. Since p is injective, the conclusion follows. □ 
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Proposition 1.19. Let A and B be C*-algebras, and let (^: ^ — > S be a homo- 
morphism. Then ip is continuous witli respeet to tlie topologies on A and B coming 
from their profinite completions. 

Proof. This follows immediately from the fact that if tt is a finite dimensional 
representation of B, then tt o is a finite dimensional representation of A. □ 

As is clear from Example 11.151 the profinite completion of a C*-algebra is in 
general extremely large. Here is a situation in which it is not so bad. We will apply 
the result to the C*-algebras of compact groups. 

Proposition 1.20. Let S' be a set, and for s g 5* let n{s) E Z>o. Set A = 
®ses-^"(s)' ^"^^ profinite pro-C*-algebra structure (Definition II. 9|) . 

Further give M{A) the pro- C*- algebra structure coming from Remark 1 1.1 71 Then: 

(1) We have 

M{A) = \ aeY[ M„(s) ■■ sup lla^ll < co\ . 
I ses J 

(2) The pro-C*-algebra topologies (Definition II. 6|) on A and M{A) both come 
from the obvious identifications of A and M{A) with subsets of Hses ^n(s) 
by restricting the product topology. 

(3) Both A and M{A) are equal to Hses -^"(s)- 

(4) The algebras of bounded elements (in the sense of Definition 1.10 of [TU] ) 
in both 'A and M{A) are equal to M{A). 

(5) The pro-C*-algebra structure on A is faithful (Definition 1 1 . 5l| 2|) ) . 

(6) The pro-C*-algebra structure on M[A) is faithful and full (Definition I 1 . 5 tf lT) ) . 

Proof. Part ([T]) is clear. 

Part ^ for A follows from Proposition ll.141 For M(A), by Proposition ll . 141 and 
the definition of the pro-C*-algebra structure on M{A), the C* seminorms in this 
pro-C*-algebra structure are exactly the seminorms pF((as)sGs) = supj,g^ \\o-s\\ for 
finite sets F C S. These define the product topology on Yises -^'-^n(s), proving the 
statement about M{A). 

The remaining parts of the proposition are now clear. □ 

2. Pro-C*-algebras of profinite groups 

In this section, we define the pro-C*-algebra of a profinite group G, and connect 
it to the representation theory of G. The construction makes sense for any locally 
compact group G, although in general it refiects the behavior of the profinite com- 
pletion of G rather than of G. We give the construction in this generality, since 
we use it in Section [3] to compare the profinite pro-C*-algebra structure on C*{G) 
with the pro-C*-algebra of the profinite completion of G. 

We recall the following definition. (See the beginning of Section 2.1 of [1,2].) 

Definition 2.1. A topological group G is said to be profinite if G is topologically 
isomorphic to an inverse limit hm^ G\ of an inverse system of finite groups G\ , in 
which G\ is given the discrete topology for each A G A. 

In particular, a profinite group is compact, Hausdorff, and totally disconnected. 
Conversely, every compact Hausdorff totally disconnected group is profinite. See 
Theorem 2.1.3 of [12]. See [12] for much more on profinite groups. 
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The following notation is based on Section 3.1 of [12]. 

Notation 2.2. For any group G and any subgroup H, we denote by [G : H] the 
index of H in G. For any topological group G (assuming the discrete topology if 
no other topology is obvious or specified), we let Ng be the set of closed normal 
subgroups N (Z G such that the index [G : N] is finite. We order A/g by reverse 
inclusion. 

Remark 2.3. Let G be a topological group. If M, N e Afc then also MnN e Afc- 
(In fact, [G : M D N] < [G : M] ■ [G : TV].) Therefore Afc is a directed set. 

The following definition is at the beginning of Section 3.2 of [12 . 

Definition 2.4. Let G be a topological group. We define its profinite completion 
G to be the inverse limit of the quotients G/N as N runs through Mg- 

The profinite completion G is obviously a profinite group. 

Notation 2.5. Let G be a topological group. There is an obvious continuous 
homomorphism from G to G, which we denote by ^q. For N £ Afc^ we write N for 
the closure 7g (N) of the image of TV in G. 

Lemma 2.6. Let G be a topological group. Then N N defines a bijection from 
A/g to N'q. Moreover, for every N G A/g, the map 7g induces an isomorphism 
G/N G/N. 

Proof. See parts (a), (b), and (d) of Proposition 3.2.2 of [12]. □ 

We recall that a topological group G is called residually finite if the intersection 
of the closed normal subgroups of finite index in G is {1}. Clearly, then, the map 
G G is injective if and only if G is residually finite. 

Remark 2.7. We recall that if G is a locally compact group, then there is a 
standard continuous unital homomorphism from the measure algebra M(G) to the 
multiplier algebra M(G*(G)) which extends the homomorphism L^{G) — )■ G*(G) 
coming from the definition of C*{G) as the universal enveloping C*-algebra of 
L^{G). (See 7.1.5 of [5].) For each 5 S G, there is then a unitary Ug € M{G*{G)) 
obtained as the image of the point mass measure at g, regarded as an element of 
M(G). 

We further recall the correspondence between unitary representations of G and 
nondegenerate representations of G*(G). (See Proposition 7.1.4 of [9j and its proof.) 
Let /z be a left Haar measure on G. If u 1-^ : G —?' U (H) is a unitary representation 
of G on a Hilbert space H, then the corresponding representation tt : G* (G) L{H) 
is defined on L^{G) by the formula, for £^,ri G H, 

(Amv) = [ fi9){vgi,v)df^{g). 

JG 

Given a nondegenerate representation tt, we recover v as follows. First let tt be 
the unique extension to a unital homomorphism from M(G*(G)) to L{H), as in 
Theorem 11.1 6t[2]) . Then, with Ug as in the previous paragraph, we have Vg — 7f(ug). 

Lemma 2.8. Let G be a locally compact group, let be a finite group, and let 
p: G — > -F be a surjective continuous homomorphism. Then there is a unique 
surjective homomorphism tt: C*{G) — ^ C*{F) whose extension to a homomor- 
phism TT : M(G*(G)) — > C*{F) satisfies, in the notation of Remark 12.71 the relation 
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■7T{ug) — Up{^g) for all g £ G. For / e Cc{G), and with fj, being a left Haar measure 
on G, it is given by the formula 



Proof. We may assume that G*{F) is a unital subalgebra of L{H) for some finite 
dimensional Hilbert space H. Then everything follows from Remark 12.71 except 
7r(C*(G)) = C*{F) and jS!]). For let ip{f) denote the right hand side; then 

a calculation shows that for all ^,77 S 1^{F), we have {(p{f)^, rj) — (7r(/)f, 77). It is 
now clear that 7r(/) e C*(i^). Therefore 7r(a) e C*(F) for aU a € C*(G). 

It remains only to prove that tt is surjective. It is enough to show that for 
every x E F, the unitary Ux G C*{F) is in the range of it. Set W — p^^{x), which 
is a nonempty open and closed subset of G. Then there is / G Cc(G) such that 
supp(/) C W and f dfi = 1. The formula for 7r(/) implies that 7r(/) = Ux- □ 

Lemma 2.9. Let G be a locally compact group, let Fi and F2 be finite groups, 
and let 



^1: G*(G)^G*(Fi), ^2: G*(G)->G*(F2) and ^ : C* (F^) ^ C* {F^) 



be the homomorphisms of Lemma 12.81 and let tti and n2 be the extensions of tti 
and TT2 as in Theorem I1.16t[2|) . Then 7r2 = o tti and tt2 = f otti- 

Proof. Clearly 7T2 and (poiri are both surjective. Using the fact that M(G*(Fi)) = 
G*(Fi) (since C*{Fi) is unital), we check that 7r2(%) = (</? o ni){ug) for all ,g e G. 
So 7r2 = o ""1 by the uniqueness statement in Lemma 12.81 That tt2 ^ (p otti now 
follows from the uniqueness statement in Theorem 1 1 . 1 6l|2|) . □ 

Proposition 2.10. Let G be any compact group. Let G*(G) be the completion of 
G*(G) in its profinite pro-C*-algebra structure. Then the C*-algebra B of bounded 
elements of G*(G) (in the sense of Definition 1.10 of TIT ) is unital and contains 
G*(G) as an ideal, and the induced map M(G*(G)) — i? is an isomorphism of 
C*-algebras. Moreover, Af (G*(G)) is residually finite dimensional. 

In particular, the profinite pro-C*-algebra structure of M(G*(G)) is full in the 
sense of Definition ll.Stf l]) . 

Proof of Proposition \2.1U[ Since all irreducible representations of G are finite di- 
mensional, there are an index set S and numbers n{s) € Z>o such that we can 
write G*(G) as a direct sum C*{G) = ^g^sM^^s)- The result now follows from 
Proposition [L201 □ 

Definition 2.11. Let G be a locally compact group. For each N E Mg (No- 
tation [221), we define a C* seminorm || • ||jv on G*(G) by letting kjv : C*{G) — >■ 
C*{G/N) be the homomorphism obtained from Lemma 12.81 using the quotient 
map, and setting ||a||7v ~ ll'*w(«)ll- We define the pro-C*-algebra of G to be G*(G) 
equipped with the pro- C*- algebra structure consisting of the seminorms || • Hat 
as N runs through Afc- Letting kn- M{C*{G)) C*{G/N) be the extension 
as in Theorem II. 16l[2|) . we further define the multiplier pro- C*- algebra of G to be 



(2.1) 




pi : G Fi , P2'- G F2, and 7 : Fi ^ F2 
be surjective continuous homomorphisms such that p2 = 7 o pi - Let 
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M{C*{G)) equipped with the pro-C*-algebra structure consisting of the seminorms 

a I— > ||KAr(a)|| as N runs through Afc- 

Before proving elementary facts about these pro-C*-algebra structures, we give 
a lemma which will be used again later. 

Lemma 2.12. Let G be a profinite group. Let v he a. unitary representation of G 
on a finite dimensional Hilbert space H. Then there is N € Afc and a unitary 
representation w of G/N on H such that Vg — WgN for all g € G. 

Proof. Choose an open set W of the unitary group U{H) such that W contains no 
subgroups of U{H) other than {1}. Let 

V^{geG: Vg e W}. 

Then V is an open subset of G. Since G is profinite, there is N ^ Mg such that 
N d V. Since W contains no nontrivial subgroups, it follows that Vg = 1 for all 
g £ N. Therefore v induces a representation w oi G/N on H. □ 

Proposition 2.13. Let G be a locally compact group. 

(1) The collection of seminorms || • \\n of Definition 12.111 is a pro-C*-algebra 
structure on G*(G), and the collection of seminorms a i— >■ ||Kjv(a)|| of Defi- 
nition [2TT] is a pro-C*-algebra structure on M{C*{G)). 

(2) Suppose, in addition, that G is profinite. Then the pro-C*-algebra structure 
on G*(G) is faithful and is equivalent (Definition 1 1.7p to the profinite pro- 
C*-algebra structure (Definition II. 9p of G*(G). The pro-C*-algebra struc- 
ture on Af(G*(G)) is faithful and fuU. 

Proof. We prove (P). Lemma implies that if Ni,N2 G Afc satisfy N2 C Ni, 
then llallATi < ||a||Ar2 for all a G G*(G). Moreover, A/g is directed by Remark [231 
Thus, we have pro-C*-algebra structures on G*(G) and M(G*(G)). 
Now assume that G is profinite. 

We first prove that the pro-C*-algebra structure on G* (G) is equivalent to the one 
defining the profinite completion of G*(G). Since the C*-algebras of finite groups 
are finite dimensional, it suffices to prove that if p is a C* seminorm on G*(G) such 
that G*(G)/ ker(p) is finite dimensional, then there is closed normal subgroup N 
of finite index in G such that || • Hat > p. 

Represent G*(G)/ ker(p) unitally and faithfully on a finite dimensional Hilbert 
space H. Thus, we have a homomorphism tt: G*{G) — > L{H) whose range contains 1 
and such that p{a) = ||7r(a)|| for all a G G*{G). Then tt comes from a unitary 
representation u 1-^ Ug of G on H. Let N and w : G/N — )• L{H) be as in Lemma[2J2l 
Let ip: G*(G/N) — L(H) be the corresponding representation of G*{G/N). Then 
ipo K]^ and TT are both nondegenerate homomorphisms from G*(G) to L{H) whose 
extensions to homomorphisms M(G*(G)) — >■ L{H) send Ug to Vg for all g G G. 
Therefore ip o km = tt. For all a G A, we thus have ||KAr(a)|| > ||7r(a)|| = p{a). This 
proves the equivalence of pro-C*-algebra structures. 

The rest of ([2| now follows from Proposition l2.10l □ 

The following is the analog for profinite groups of Proposition 11.131 

Proposition 2.14. Let G be a profinite group. Then a nondegenerate represen- 
tation TT of the pro-C*-algebra of G (in the sense of Definition 12. lip is continuous 
if and only if the image of G under the corresponding unitary representation of G 
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is finite. In particular, there is a bijective correspondence between continuous non- 
degenerate representations of the pro-C*-algebra of G and unitary representations 
of G with finite range. 

Proof. The first part is just the statement that tt is continuous if and only if it 
factors through the C*-algebra of a finite quotient of G. 

The second part follows from the first and from Remark 12.71 □ 

3. The relation between the profinite completion of C*{G) and the 
c*-algebra of the profinite completion of g 

In this section, we construct a homomorphism Lpc from the C*-algebra of a 
locally compact group G to the completion of the pro- C*- algebra of its profinite 
completion G, and we study its properties. Two questions seem to be interesting: 
when is </?g injective, and when is the extension of Lpc to the profinite completion of 
C*{G) surjective or an isomorphism? The first question is really about injectivity of 
a homomorphism C*{G) — > Af(C*(G')). It thus does not involve pro-C*-algebras, 
although they provide the motivation. We give a positive answer when G is residu- 
ally finite and either discrete amenable or abelian. Residual finiteness is necessary 
for fairly trivial reasons, but we show by example that it is not sufficient. For the 
second question, we prove that the extension is always surjective. If G is profinite, 
then the extension is an isomorphism. If G is compact, the converse is true, but 
there are noncompact groups for which the extension is an isomorphism. 

Proposition 3.1. Let G be a locally compact group, with profinite completion G, 
and let 7g : G — > G be the canonical map, as in Notation 12.51 For N S Afc, 
let pn: G ^ G/N be the quotient map, and let kn : G*{G) G*{G/N) be 
the map of Lemma 12.81 Further, following Proposition 12.101 as applied to G, 
let (TM- M{C*{G)) C*(G/N) be the restriction to M(G*(G)) of the map 

G*(G) — > C*{G/N) which comes via Definition 12.111 from the expression of G 
as the inverse limit of the finite quotients G/N. Then there exists a unique homo- 
morphism (fa'. C*{G) — ?> Af(G*(G)) such that (Jn o lpq = for all N. Moreover: 

(1) (fie extends to a homomorphism ipc from M(G*(G)) to M(G*(G)) such 
that, in the notation of Remark 12. 71 we have ipciug) = u^^(^g-^ for all g € G. 

(2) ipG is nondegenerate, that is, ^^^(G*(Gjy~G*(^ = G*(G). 

Proof. For each M e Ng, let tm ■ l^HJ^gj^^ C*{G/N) C*{G/M) be the standard 
map from the inverse limit. Using Lemma 12.91 to check compatibility of the maps, 
we see that there is a unique homomorphism ip: C*{G) — ^un^^jy C*{G/N) such 
that tn ° "ip = Kn for all N. Since G*(G) is a C*-algebra, the range of ^ lies 
in the C*-algebra of bounded elements of the inverse limit. In the notation of 
Proposition 12.101 applied to the compact group G, this inverse limit is G*(G). It 
follows from Proposition 12.101 that the bounded elements can be identified with 
M(G*(G)). Thus we can take ipc to be the corestriction of ip to M{C*{G)). 
Uniqueness of ipc is obvious from uniqueness of ip. 

We prove (HJ. Let kn be the extension of kn to a map M{C*{G)) G*{G/N). 
It follows from Lemma 12.81 that knIuq) = UgN for all g G G. The maps kn are 
also compatible with the inverse system defining G* (G) , and therefore give a map 



12 



RACHID EL HARTI, N. CHRISTOPHER, PHILLIPS, AND PAULO R. PINTO 



lPq-. M{C*{G)) C*(G) such that (fiaiug) = u^cig) ^'^^ 9 ^ G. For the same 
reasons as for ipo, the range of is contained in M(C*(G)). 

We now prove nondegeneracy (part Let ^ he a left Haar measure on G. 

Let JI be normahzed left Haar measure on G. 

We claim that if M,N e Mg with M <Z N, if f e CdG) is supported in N, and 
if a G C'(G) is constant on cosets of N, then 



HM{f)(^M{a) = / fd^i\aN{a) 



G 



To prove this, let S* be a set of coset representatives for M in G. Then ^g{S) is a 
set of coset representatives for M in G, by Lemma [^31 Also, for x e G/Af denote 
the corresponding unitary in C*{G/M) by Ux- We use the formula of Lemma 
at the first step and supp(/) C iV at the second step to write 

KA/(/) = X! ( / ■^'^^ ) = X! ( / ■^^^j '^9M- 
g^S ^•'9'^' ^ g&SnN ^•'9'^' ^ 

Using the uniqueness part of Lemma 12.81 we see that 

aM\c*(Gy.C*{G)^C*{G/M) 



is also a homomorphism of the form of Lemma [2^ Using the formula of Lemma [Z8l 
at the first step, and the fact that a is constant on cosets of N and M C N a.t the 
second step, we thus get 

cTAiia) = X! / _ad4l] uhm = [G : A/]"^ ^ a{jG{h))uhM- 
Now multiply: 

KMif)crMia) ^ [G : M]~'^ ^ i f dfi] '^a{'-fG{h))ughM- 

geSnN V"'gA/ / 

Since a is constant on cosets of N, we can replace a(7G(/i)) by a{'^G{9h)). Because 
gS is also a system of coset representatives of M in G, we have 

[G : Af]~^ ^ a{'-fGigh))ughM = crM(a)- 
Since / vanishes off N, we therefore get 



HM{f)(TM{a)^ V ( / f dfi] aM{a) ^ i I 



fd^i aM{a). 



geSnN 

This proves the claim. 

We next claim that if / and a are as in the claim, then (pG{f)a — (J^, f dfij a. 
This follows from the fact that the intersection of the kernels ker(<7M), as M runs 
through all M £ Mg such that A/ C is zero. We can now choose / G Gc(G) 
with supp(/) C N such that f d^i — 1, getting (pGif)O' — a- 

To complete the proof of nondegeneracy, it is enough to prove that the set 

T — {a £ C{G): there is iV G Ng such that a is constant on cosets of A^} 
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is dense in C*(G). It follows from uniform continuity of elements of C(G) that 
T is dense in C(G). The proof is completed by observing that C{G^ is dense in 
C*(G). □ 

The main business of this section is the study of the maps ^pc and ^g- 
The first question we consider is when lpq is injective. Formally, this question 
doesn't involve pro- C*- algebras at all; they merely provide the motivation. 

Proposition 3.2. Let G be a locally compact group, with profinite completion 
G, with canonical map 7^ : G G, and with ipc: C*{G) -H> M(G*(G)) as in 
Proposition 13.11 Let if be a Hilbert space, let g ^ Vg he a unitary representa- 
tion of G on H, and let tt: G*(G) — > L{H) be the corresponding nondegenerate 
representation of G*(G). Then the following are equivalent: 

(1) The representation g 1-^ Vg factors through G: there exists a unitary repre- 
sentation X t-^ Wx of G on H such that Vg = w^^^g^ for all g £ G. 

(2) The representation tt factors through M(G*(G)): there exists a nondegen- 
erate representation /i: G*(G) L{H) whose extension Ji to M(G*(G)) 
satisfies tt = /I o (pQ. 

Proof. Assume ([T]). Since G is compact, w is a direct sum of finite dimensional 
representations. It therefore suffices to prove ^ under the assumption that w is 
finite dimensional. 

Apply Lemma 12.121 to w, with G in place of G, and use Lemma 12. 6[ to find 
N e Hg and a unitary representation w^^^ of G/N on H such that Wx — ''i'^^ 
for all a; e G. Let ^: G*(G) ^ L{H) and n^^^ : C*{G/N) L{H) be the 
nondegenerate representations of C*-algebras corresponding to w and w^^K Let 
v. G*{G) G*{G/N) be the map of LemmalMl Thus o v = fi. Let 

Jl : M (G* (G) )^ L{H) and v : M (G* (G) ) ^ G* (G/]V) 

be the extensions of ji and z^. Following Lemma [2.61 identify G/N with G/A^, and 
thus identify v with the map un in the statement of Proposition 13.11 Also let 
Km'- G*{G) — ^ G*{G/N) be as there. Then, using Proposition 13.11 at the second 
step. 

It follows from Proposition 13 . 1 l| 2l) that pto is nondegenerate. Let 

ipG- M{C*{G)) M{C*(^) and kat : M(G*(G)) -> G*(G/Ar) 
be the extensions of lpq and kjv (the first coming from Proposition 13. It lTj) ) . Then 

Ji O ipG — /i*^"^ O K^. 

For g £ G, we thus have 

Since Jl o i^sq is nondegenerate, it follows that Jl o ipQ = tt. This is the required 
factorization of tt. 

Now assume ([2]). Let tt be the extension of tt to A/(G*(G)), and let ipc be as in 
Proposition 13 . 1 Ifl]) . Then /lo ipQ also extends tt, so /Io = tt. For g e G, we then 
have, using Proposition 13. Itf Tj) at the third step, 

Vg = n{ug) = (il o lpG){ug) = Jl{u^c{g)) = ^^70(9)- 
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This proves □ 

Corollary 3.3. Let G be a locally compact group, with profinitc completion G, 
and let ipc: C*{G) M{C*{G)) be as in Proposition EH Let / C C*(G) be 
the intersection of the kernels of the representations of C*{G) associated as in 
Remark 12.71 to representations of G with finite range. Then ker(<p(3) = /. 

Proof. Let a G kei{(pG)- Let v: G —?' L{H) be an arbitrary representation of G 
with finite range, with associated representation tt: C*{G) — > L{H). Then v factors 
through G, so ProDOsition l3 . 21 implies that tt factors through M (C* (G)). Therefore 
7r(a) — 0. This shows that a £ I. 

Conversely, let a G I. For N e A/q, let kn and ctjv be as in the statement of 
Proposition 13. II Then KAr(a) = for all N e A/g- Therefore CTjv('/'G(a)) = for all 
N G Ng- The last sentence of Proposition I2.13p |). applied with G in place of G, 
now implies that foio-) =0. □ 

Corollary 3.4. Let G be a locally compact group, let (pa'- C*{G) — ^ M(G*(G)) 
be as in Proposition 13.11 and let / be as in CoroUarv 13.31 Then ipc is injective if 
and only if J = 0. 



Proof. This is immediate from Corollarv 13.31 □ 

Corollary 3.5. Let G be a locally compact group, and suppose that the map 
ipG- G*{G) M{G*{G)) of Proposition O is injective. Then G is residually 
finite. 

Proof. Every unitary representation of G with finite range is a direct sum of finite 
dimensional representations. Corollarv 13.41 therefore implies that there is a family 



{^^^^) xeA of finite dimensional unitary representations of G, each with finite range, 
such that the representation tt: C*{G) — > L{H), associated to v = ^xeA'^''^^^ 
is injective. Theorem ll.lGtp i) implies that its extension tt to M(G*(G)) is also 
injective. Since 7r(ug) = Vg for all g G G, we conclude that v is injective. Since v 
is a direct sum of representations with finite range, it follows that G is residually 
finite. □ 

Example 3.6. The converse to Corollary 13.51 is false. Indeed, the group G = 
SL3(Z) is residually finite, but its full group C*-algebra is not residually finite 
dimensional (by the main theorem of [1 ). Since M(G*(G)) is residually finite 
dimensional (by Proposition 12 . 10| . it follows that ipc is not injective. 



The method of Example 13.61 suggests the following question, to which we do not 
know the answer. 

Question 3.7. Is there a residually finite locally compact group G such that G* (G) 
is residually finite dimensional but ipc is not injective? 

The free group F2 on two generators is a candidate. The algebra C*{F2) is 
residually finite dimensional by Theorem 7 of j^. Thus, the direct sum of all repre- 
sentations of F2 on finite dimensional Hilbert spaces yields a faithful representation 
of G*(G). However, it is not in general possible to approximate a representation 
of G on a finite dimensional Hilbert space pointwise by representations on the 
same Hilbert space with finite range. This follows from two facts. The first is 
Jordan's Theorem (see page 91 of [7]), according to which for every n G Z>o there 
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is l(n) e Z>o that every finite subgroup of tlie unitary group of A'/„ contains an 
abelian normal subgroup of index at most l{n). (For recent proofs and strengthen- 
ings, see Section 2 oi \T and Proposition 2.3 of [T31.) The second is the existence 
of injective representations of F2 in the unitary matrix groups U {n) . For example, 
define 

u = i 1 and v = -1/2 . 

\V2/2 V2/2 J \0 1/2 V3/2/ 

Then, by Section 4 of [TT], the elements (uw)^ and (uu^)^ generate a copy of F2 
inside /7(3). 

By itself, the situation described in the previous paragraph does not show that 
the direct sum of all unitary representations of F2 with finite range is not faithful 
on C*{F2). 

We can give two positive results. 

Proposition 3.8. Let G be a residually finite locally compact abelian group. Then 
the map ipc- C*{G) -> M(C*{G)) of Proposition 13 . 1 1 is injective. 

Not all locally compact abelian groups are residually finite. The group 5'"'^ with 
its usual topology, and Q with the discrete topology, are counterexamples. For both 
of these, A/(C*(G)) = C. 

Proof of Pro'Dosition \3.^ To make the notation less awkward, set P ~ G, and 
abbreviate 7g : G — P to 7. We let G and P denote the Pontryagin duals of G 
and P, and we let 7: P — !• G be the map induced by 7. We can identify G*(G) with 
Go(G) and A/(G*(G)) with the algebra Gb(P) of bounded continuous functions 

on P. Then (pc is given by (ficif) = f °1- 

Since G is residually finite, 7 is injective. Therefore 7 has dense range. (See 
24.41(b) of 'F'.) So / / o 7 is injective. □ 

Theorem 3.9. Let G be an amenable residually finite discrete group. Then the 
map tpG'- C*{G) — ^ M(G*(G)) of Proposition 13. II is injective. 

Proof. The following argument is taken from the proof of Proposition 3.3 of |17) , 
and was pointed out to us by David Kerr. 

Since G is amenable, we can identify G with a subalgebra of L{l^{G)) via the 
regular representation. Let a e G*(G) be nonzero. We show that a is not in the 
ideal / of CoroUarv 13.31 This will give the result. 

Without loss of generality ||a|| = 1. Choose b e G*(G) such that — a|| < j 
and 6 is a finite linear combination of the standard unitaries Ug. That is, there are 
a finite set S C G and numbers /?g G C for 5 e 5 such that b = "^gi^s Pg'^g- We 
have > |, so there is f € '^(G) with finite support such that ||^|| = 1 and 
> \. Let 5g G 1^{G) be the standard basis element corresponding to g e G, 
and use similar notation for other groups. Then there are a finite set T C G and 
numbers G C for 5 G P such that ^ = X^geT '^a^a- 

We let 

ST = {5/1: .g G S" and /i G T} and T^^ ^ {g^^ : g e T} . 

Since G is residually finite, there is iV G Afc such that the restriction to ST of the 
quotient map G — )■ G/N is injective. Let d: G — >■ L{l'^{G/N)) be the composition 
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of this quotient map with the regular representation of G/N. Let tt: C*{G) — > 
L(P{G/N)) be the corresponding honiomorphism. Set t] — '^g^T '^9^9^ ■ Then 
1 1 77 1 1 1 since the vectors SgN are orthonormaL For g e ST, define 

hesngT-^ 

Then 

6^= ^ XgSg and T:{b)-q = ^ Xg^gN- 

g&ST geST 

As g runs through ST, the elements Sg and SgN form orthonormal systems in P{G) 
and in P{G/N). Therefore 

geST 

So 

||^(a)|| > \\n{b)\\ i > ||vr(6),y|| - \ ^ m\ - i > 1 - i = i. 

Therefore 7r(a) 7^ 0. Since tt comes from a representation of G which factors through 
the finite group G/N, this shows that a ^ I. □ 



We give an explicit example of a nonabelian group covered by Theorem 13. 9[ 
with a direct proof that the map (pc- G*{G) M(C*(G)) of Proposition 13.11 is 
injective. 

Example 3.10. Let G be the discrete Heisenberg group, that is, 

'in I 





G^ l\Q 1 m\ ■.l,ra,ne1 

We can identify G with the group generated by elements g, h, and z, subject to the 
relations 

gh — zhg, zg — gz, and zh — hz. 

Here, 

/l 0\ /l 1 0\ 

5= 1 1, /i= 1 , and z = 

yo 1/ yo 1/ 

(See Section VII. 5 of |4j, where these elements are called u, v, and w.) 

By Theorem VII. 5.1 of [1], a complete set of representatives of the unitary equiv- 
alence classes of irreducible representations of C* (G) is given by the representations 
^(ji,k,a,p) (jg£];ig(j as follows. We require that n € Z>o, that k £ {1,2, . . . ,n} and 
be relatively prime to n, and that a and /3 both be in the arc 

Jn = {cxp(27rz<): < i < i}. 

Let Sn G Mn be the cyclic shift, defined on the standard basis vectors 6j G C" by 
SnSn — Si and SnSj — 5j+i for j — 1,2, . . . ,n. Then vrt"''''"''^) is determined by 
^(«,fe,a,/3)(^^ = a ■ diag(l, e^"'^/", e^"-^'^/", . . . ^ e2^'*("-i)fc/")^ 
^(n,fc,a,/3)(^) = ^s„, and 7r("^'^^"''3)(z) = e^'^*''/" • 1. 

(It is not stated in [31 , but one easily checks that these representations actually all 
exist.) 
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Remark VII. 5. 2 of [4| implies that the intersection of the kernels of these rep- 
resentations is {0}. (This shows that C*{G) is residually finite dimensional.) To 
prove injectivity of Lpc using Corollary 13. 3[ it therefore suffices to find, for each n 
and fc, a dense subset Rn,k of the collection of allowed values of a and /3 such that, 
for a,/? e Rn,k, the representation u'^"''^'"''^^ of G has finite range. One can check 
that the set Rn.k of roots of unity in J„ meets this requirement. 

Let G be a locally compact group. Then we have two pro-C*-algebra struc- 
tures on C*{G). One is the profinite pro-C*-algebra structure. The other is the 
pro-C*-algebra structure gotten by applying the map Lpc ■ C*{G) — ^ M[C* (G)) of 
Proposition 13. 1[ and then using the C* seminorms of the pro-C*-algebra structure 
on M{C* (G)) from Definition l2.11l We expect that these two pro- C*- algebra struc- 
tures are usually inequivalent, and in general do not even yield the same completion 
in any reasonable sense, even when lpq is injective. See Example 13. 131 below. 

These pro-C*-algebra structures are at least comparable. This is conveniently 
expressed as follows. 

Proposition 3.11. Let G be a locally compact group. Give (G* (G)) the pro-C*- 
algebra structure of Proposition l2.13lf T|). Give G*(G) its profinite pro-C*-algebra 
structure (Definition [TH) . Then the map Lpc: C*{G) M{G*{G)) of Proposi- 
tion l3.1l is continuous for the topologies induced by these pro-C*-algebra structures. 
Moreover, tpc extends to a continuous homomorphism 

iPG:CW)^M{G*{G)). 

Proof. The second statement follows from the first. 

To prove the first statement, it is enough to prove the following. Let p be any 
C* seminorm in the pro-C*-algebra structure on il/(G* (G)) . Then the C* seminorm 
po ipQ is in the pro- C*- algebra structure on G*(G). 

So let p be such a C* seminorm. By definition, there is N € A%, with correspond- 
ing homomorphism : G* {G) — > C*{G/N) and extension : M(G*(G)) 
G*{G/N), such that p{a) = \\KN{a)\\ for ah a £ M{G*{G)). Then G*(G)/ kcr(po 
ipo) is isomorphic to a subalgebra of C*[G/N), and is hence finite dimensional. 
Therefore p o (pQ is in the pro- C*- algebra structure on G*(G). □ 

Theorem 3.12. Let G be a locally compact group. Let i? be a set consisting of one 
representative w: G — ^ L{H^) of each unitary equivalence class of finite dimensional 
irreducible representations of G. Let 

F = \y £ R: V has finite range}. 

Then there is a commutative diagram 



G* 


[G) 


OL 





M{G*{G)) 



in which the vertical maps a and /3 are isomorphisms of topological algebras, the 
top horizontal map is as in Proposition 13.11"] and the bottom horizontal map p is 
the obvious projection map. 
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Proof. For v E R let tt"" : C*{G) — > L{Hy) be the corresponding representation of 
C*{G). Let S be the set of w e i? which extend continuously to representations 
of G. 

The map a is obtained from Proposition 11.141 using the set of representations 
{tt"" : V e R}. To obtain (3, we begin by applying Proposition I2.13p ]) and parts 
^ and © of Proposition [II20] with A = C*{G). This identifies M{C*{G)) and 
M(C*(G)) as 

M{C*(G)) ^ \beYlL{H^): sup \\b,\\ <oo\ and M(C*(G)) = J| 

and we take /3 to be induced by the obvious inclusion. 

We next identify p. Let a G C*(G), and let a be its image in G*(G). Then 
a{a) = (7r^(a))^e/;, by Proposition 11.141 Using Proposition l3.1lf T|). we get (/3 o 
'ipQ){a) = (tt^ {a))ves ■ It is now obvious that the diagram commutes. 

It remains to identify S with F. Since G is profinite, this identification is imme- 
diate from Lemma [2.121 □ 

Example 3.13. Take G = Z. Referring to Theorem 13. 12[ we can identify R with 
the dual group G, that is, with the unit circle S^. We thus get the identification 
G*(G) = G(S'i). We can identify F as 

F = {Ce S^: there is n e Z>o such that (" = l}. 

The topology from the profinite pro-C*-algebra structure on C{S^) is the topology 
of pointwise convergence on S*^, and, by Theorem I3.12[ the completion is the set 
of all functions from to C. (See Example 1 1.1 51 ) The topology from the pro-C*- 
algebra structure on C{S^) — C*{G) obtained via (po is the topology of pointwise 
convergence on F. It is still faithful, but its completion is the set of all functions 
from F to C. 

Corollary 3.14. Let G be a locally compact group. Then the map TpQ : C*{G) — > 
Af(G*(G)) of Proposition [3?Tl1 is surjective. 

Proof. The map p of Theorem 13. 121 is always surjective. □ 

Corollary 3.15. Let G be a locally compact group. Then the following are equiv- 
alent. 

(1) The map Tp^. : G*(G) M(G*(G)) of Proposition EI is bijective. 

(2) Every finite dimensional irreducible representation of G has finite range. 

(3) Every finite dimensional representation of G has finite range. 
Moreover, when these conditions are satisfied, Pq is a homeomorphism. 

Proof. The equivalence of ^ and ([2]) is clear from Theorem 13. 121 The equivalence 
of and ^ follows from the fact that every finite dimensional representation of G 
is a finite direct sum of finite dimensional irreducible representations. □ 

It is tempting to hope that the map TpQ of Proposition 13. 1 11 is a homeomorphism 
if and only if G is profinite. This is true when G is compact, but fails in general. 

Proposition 3.16. Let G be a compact group. Then the map TpQ-. C*{G) ^• 
M(G*(G)) of Proposition [Xm is a homeomorphism if and only if G is profinite. 
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Proof. By Corollary 13.151 we must check that G is profinite if and only if every 
finite dimensional representation of G has finite range. 

If G is profinite, then every finite dimensional representation of G has finite range 
by Lemma [2. 121 

Suppose G is compact and not profinite. Let G be the profinite completion of G 
and let 7G : G ^ G the canonical map, as in Notation [531 Then Jg{G) is dense in 
G by construction, and its range is compact, so 7g is surjective. Let H = keri^c)- 
Then H is compact and nontrivial, and hence has a nontrivial finite dimensional 
irreducible representation ctq. The range of a is infinite because H contains no 
nontrivial subgroups with finite index. Induce cfq to a representation a of G. The 
restriction of cr to _ff contains do as a summand (by Frobenius reciprocity; see for 
example Theorem 7.4.1 in [5 ). Therefore, when a is written as a direct sum of finite 
dimensional irreducible representations of G, at least one of them, say tt, has the 
property that ctq is a summand in 7r|//. This representation tt is a finite dimensional 
representation of G whose range is not finite. □ 

Example 3.17. Let G be the abelian group G = 0^^^ Z/2Z, with the discrete 
topology. Then G is not profinite because it is not compact. (In fact, its profinite 

completion is 0^=1 Z/2Z.) Nevertheless, the map Ipa: C*{G) -> M{C*(G)) of 
Proposition 13 . 1 ll is a homeomorphism. 

We verify the criterion of Corollarv l3.15l| 2l). The irreducible representations of G 
are all one dimensional. Since every element of G has order 1 or 2, and has only 
two such elements, the range of every irreducible representation of G has at most 
two elements. 

We give a second example, an infinite countable amenable group for which both 
VHG) and M{C*{G)) are just C. 

Example 3.18. Let G be the group of finitely supported even permutations of 
a countable infinite set, with the discrete topology. This group is countable and 
simple. It is amenable, since it is the increasing union of finite subgroups. It 
is not profinite because it is not compact. Nevertheless, we claim that the map 
TpQ-. C*{G) Af(C*(G)) of Proposition IXTTl is a homeomorphism. 

We verify the criterion of Corollarv l3.15p |). by showing that G has no nontrivial 
finite dimensional representations. Since G is simple, it suffices to show that G has 
no faithful finite dimensional representations. 

Suppose u: G ^ L(C") is a faithful representation. Jordan's Theorem (see 
page 91 of [7], or Theorem 2.1 of [?) provides I G Z>o such that every finite 
subgroup of G contains an abelian normal subgroup of index at most /. Since G 
contains a copy of every finite group, this is obviously impossible. 
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